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Abstract
A huge literature is devoted to the study of cusped prismatic shells on the basis of the classical theory of elasticity. It was
stimulated by the works of I. Vekua. I. Vekua considered very important to carry out investigations of boundary value and initial
boundary value problems for such bodies, since they are connected with degenerate partial differential equations and, therefore, are
not classical, in general. The present paper is devoted to cusped prismatic shells on the basis of the theory of micropolar elasticity.
Namely, on the basis of the N = 0 approximation of hierarchical models for micropolar elastic cusped prismatic shells constructed
by the I. Vekua dimension reduction method.
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
A huge literature is devoted to the study of cusped prismatic shells on the basis of the classical theory of elasticity. It
was stimulated by the work [1] of I. Vekua (see also [2]). I. Vekua considered very important to carry out investigations
of boundary value (BVP) and initial boundary value (IBVP) problems for such bodies, since they are connected
with degenerate partial differential equations (PDE) and, therefore, are not classical, in general. A survey of results
obtained in this direction one can find in [3] (see also the references therein). The present paper is devoted to cusped
prismatic shells on the basis of the theory of micropolar elasticity (see, e.g. [4,5]). Namely, on the basis of the N = 0
approximation of hierarchical models for micropolar elastic cusped prismatic shells constructed by the I. Vekua
dimension reduction method.
The paper is organized as follows. In Section 2 we give an exposition of the governing equations of the N = 0
approximation of hierarchical models of micropolar elastic prismatic shells and briefly sketch the N th approximation.
Section 3 contains an analysis of the system of PDEs constructed in Section 2. Peculiarities of well-posedness of
boundary conditions (BCs) for micropolar elastic cusped prismatic shells are revealed.
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2. N = 0 approximation
Let Ox1x2x3 be an anticlockwise-oriented rectangular Cartesian frame of origin O . We conditionally assume the
x3-axis vertical. The elastic body Ω is called a prismatic shell [1–3] if it is bounded from above and below by,
respectively, the surfaces (so called face surfaces)
x3 =
(+)
h (x1, x2) and x3 =
(−)
h (x1, x2), (x1, x2) ∈ ω,
laterally by a cylindrical surface Γ of generatrix parallel to the x3-axis and its vertical dimension is sufficiently small
compared with other dimensions of the body. ω := ω∪ ∂ω is the so-called projection of the prismatic shell on x3 = 0.







> 0 for (x1, x2) ∈ ω,
≥ 0 for (x1, x2) ∈ ∂ω
and
2h(x1, x2) := (+)h (x1, x2)+ (−)h (x1, x2).
If the thickness of the prismatic shell vanishes on some subset of ∂ω, it is called cusped one.
Let us note that the lateral boundary of the standard shell is orthogonal to the “middle surface” of the shell, while
the lateral boundary of the prismatic shell is orthogonal to the prismatic shell’s projection on x3 = 0.
Let t ∈ T := [0,+∞[ be time, T+ :=]0,∞[,Ω×T denote the Cartesian product, ui ∈ C2(Ω×T+), i = 1, 2, 3, be
displacements, ωi ∈ C2(Ω × T+), i = 1, 2, 3, be microrotations, ei j ∈ C1(Ω × T+) be the asymmetric strain tensor,
u j i ∈ C1(Ω × T+) be the asymmetric microstrain (torsion-flexure) tensor, X j i ∈ C1(Ω × T+) be the asymmetric
force–stress tensor, χ j i ∈ C1(Ω×T+) be the asymmetric couple stress tensor, Φi ∈ C(Ω×T+) andΨi ∈ C(Ω×T+)
be the fields of volume forces and volume couples, respectively, ρ be the density, I be the rotational inertia of the
medium, λ, µ, α, β, ν and ε be the elasticity constants of the medium, µ > 0, 3λ + 2µ > 0, α > 0, β > 0,
ν > 0, 3ε + 2ν > 0, ∈i jk be the Levi-Civita symbol. Here C2 and C1 are classes of twice and once, correspondingly,
continuously differentiable functions in the domain under consideration; C is a class of continuous functions on the
sets under consideration. Throughout the paper Einstein’s rule of summation is used for Latin indexes from 1 to 3,
and for Greek indexes from 1 to 2.
In order to construct governing equations of the N = 0 approximation of hierarchical models, using Vekua’s di-




h with respect to the thickness variable x3 the following
governing equations of the micropolar theory of elasticity (see [4,5] and the references therein):
Motion equations
X j i, j + Φi = ρu¨i , i = 1, 2, 3, (1)
χ j i, j + ∈i jk X jk +Ψi = Iω¨i , i = 1, 2, 3; (2)
Kinematic equations
u j i = ui, j − ∈k ji ωk = e j i + ∈k ji (θk − ωk), i, j = 1, 2, 3, (3)
ω j i = ωi, j , i, j = 1, 2, 3; (4)
Constitutive equations
X i j = λδi j ukk + (µ+ α˜)ui j + (µ− α˜)u j i = λuk,kδi j
+ (µ+ α˜)u j,i − (µ+ α˜)∈ki j ωk + (µ− α˜)ui, j − (µ− α˜)∈k ji ωk
= λuk,kδi j + (µ+ α˜)u j,i + (µ− α˜)ui, j − 2α˜ ∈ki j ωk, i, j = 1, 2, 3, (5)
χi j = εδi jωkk + (ν + β˜)ωi j + (ν − β˜)ω j i
= εωk,kδi j + (ν + β˜)ω j,i + (ν − β˜)ωi, j , i, j = 1, 2, 3, (6)
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considered in the domain
Ω := {x := (x1, x2, x3) ∈ R3 : (x1, x2) ∈ ω,
(−)
h (x1, x2) < x3 <
(+)
h (x1, x2)}
occupied by the prismatic shell with the projection ω on the plane x3 = 0.
By the corresponding calculations as values of tractions and couple stress vectors on the face surfaces we take their
prescribed values, while as values of displacements and microrotations we take their approximate values calculated
from their Fourier–Legendre expansions (see Remark 1) on the face surfaces corresponding to N = 0 approximation.
From (1), (2), (3), (4) we get
Xβi0,β + X0i = ρu¨i0, i = 1, 2, 3; (7)
χβi0,β + ∈i jk X jk0 + χ0j = Iω¨ j0, i = 1, 2, 3, (8)
in ω, where


























are tractions and couple stress vectors prescribed on face surfaces (in what follows superscripts (+) and
(−) mean values on upper and lower face surfaces, correspondingly),
uβi0 = ui0,β − (+)u i
(+)
h ,β + (−)u i
(−)
h ,β − ∈kβi ωk0, β = 1, 2; i = 1, 2, 3, (9)
u3i0 = (+)u i − (−)u i − ∈k3i ωk0 = (+)u i − (−)u i − ∈γ 3i ωγ 0, i = 1, 2, 3, (10)
ωβi0 = ωi0,β − (+)ω i
(+)
h ,β + (−)ω i
(−)
h ,β , β = 1, 2, i = 1, 2, 3; (11)
ω3i0 = (+)ω i − (−)ω i , i = 1, 2, 3. (12)
In indices 0 means integrated values of the corresponding quantities which are called the zero order moments.
In the N = 0 approximation we assume












Evidently, by virtue of (9), (13), (14),
uβi0 = hvi0,β − ∈kβi hηk0, (15)
in view of (10), (14),
u3i0 = −∈γ 3i hηγ 0, (16)
whence,
u330 = 0, u320 = −∈123 ω10 = ω10, u310 = −∈231 ω20 = −ω20. (17)
By virtue of (11), (14),
ωβi0 = hηi0,β , β = 1, 2, i = 1, 2, 3. (18)
In view of (12), (14)
ω3i0 = 0, i = 1, 2, 3. (19)
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From (5) and (6), we obtain
X i j0 = λδi j ukk0 + (µ+ α˜)ui j0 + (µ− α˜)u j i0, i, j = 1, 2, 3, (20)
and
χi j0 = εδi jωkk0 + (ν + β˜)ωi j0 + (ν − β˜)ω j i0, i, j = 1, 2, 3, (21)
respectively.
Remark 1. The governing equations for the N th approximation can be constructed in the similar way.
From (17), (15) it follows
ukk0 = uγ γ 0 = hvγ 0,γ . (22)
From (19), (18) we obtain
ωkk0 = ωγ γ 0 = hηγ 0,γ . (23)
Since
∈kαβ ηk0 = ∈3αβ η30, (24)
we have
∈312 η30 = η30, ∈321 η30 = −η30.
From (20), taking into account (22), (15), (24), we find
Xβα0 = λhvγ 0,γ δβα + (µ+ α˜)h(vα0,β − ∈kβα ηk0)+ (µ− α˜)h(vβ0,α − ∈kαβ ηk0)
= λhvγ 0,γ δβα + (µ+ α˜)h(vα0,β − ∈3βα η30)+ (µ− α˜)h(vβ0,α − ∈3αβ η30)
= λhvγ 0,γ δβα + (µ+ α˜)hvα0,β + (µ− α˜)hvβ0,α + 2α˜h ∈3αβ η30, α, β = 1, 2; (25)
From (20), taking into account (15), (16), we find
X3β0 = (µ+ α˜)h(−∈γ 3β ηγ 0)+ (µ− α˜)h(v30,β − ∈kβ3 ηk0)
= −(µ+ α˜)h ∈γ 3β ηγ 0 + (µ− α˜)h(v30,β − ∈γβ3 ηγ 0)
= (µ− α˜)hv30,β + 2α˜h ∈γβ3 ηγ 0. (26)
From (20), by virtue of (22), (16) we get
X330 = λhvγ 0,γ .
From (20), in view of (16), (15), we obtain
Xβ30 = (µ+ α˜)h(v30,β − ∈γβ3 ηγ 0)+ (µ− α˜)h(−∈γ 3β ηγ 0)
= (µ+ α˜)hv30,β − 2α˜h ∈γβ3 ηγ 0. (27)
From (21), taking into account (23), (18), we have
χβα0 = εhηγ 0,γ δβα + (ν + β˜)hηα0,β + (ν − β˜)hηβ0,α. (28)
From (21), by virtue of (19), (18), we get
χ3β0 = (ν − β˜)hη30,β .
From (21), in view of (23), (19), we obtain
χ330 = εhηγ 0,γ .
From (21), according to (18), (19), we have
χβ30 = (ν + β˜)hη30,β . (29)
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Substituting (25) into (7), we arrive at the equation
λδβα(hvγ 0,γ ),β + (µ+ α˜)(hvα0,β),β + (µ− α˜)(hvβ0,α),β + 2α˜ ∈3αβ(hη30),β + X0α = ρhv¨α0, α = 1, 2.
Hence,
(µ+ α˜)(hvα0,β),β + λ(hvγ 0,γ ),α + (µ− α˜)(hvβ0,α),β + 2α˜ ∈αβ3(hη30),β + X0α = ρhv¨α0, α = 1, 2. (30)
Substituting (27) into (7), we have
(µ+ α˜)(hv30,β),β − 2α˜ ∈γβ3(hηγ 0),β + X03 = ρhv¨30.
Therefore,
(µ+ α˜)(hv30,β),β − 2α˜[(hη10),2 − (hη20),1] + X03 = ρhv¨30. (31)
Substituting (28) into (8), we get
ε(hηγ 0,γ ),α + (ν + β˜)(hηα0,β),β + (ν − β˜)(hηβ0,α),β + ∈α jk X jk0 + χ0α = Ihη¨α0, α = 1, 2; (32)
Substituting (29) into (8), we obtain
(ν + β˜)(hη30,β),β + ∈3 jk X jk0 + χ03 = Ihη¨30. (33)
Since, by virtue of (25)–(27),
∈1 jk X jk0 = ∈123 X230 + ∈132 X320 = X230 − X320 = 2α˜hv30,2 − 4α˜hη10,
∈2 jk X jk0 = ∈213 X130 + ∈231 X310 = −X130 + X310
= −2α˜hv30,1 − 4α˜hη20,
∈3 jk X jk0 = ∈312 X120 + ∈321 X210 = X120 − X210
= (µ+ α˜)hv20,1 + (µ− α˜)hv10,2 + 2α˜h ∈321 η30
− (µ+ α˜)hv10,2 − (µ− α˜)hv20,1 − 2α˜h ∈312 η30
= 2α˜h(v20,1 − v10,2)− 4α˜hη30,
from (32), (33) we get
(ν + β˜)(hη10,β),β + ε(hηγ 0,γ ),1 + (ν − β˜)(hηβ0,1),β + 2α˜hv30,2 − 4α˜hη10 + χ01 = Ihη¨10, (34)
(ν + β˜)(hη20,β),β + ε(hηγ 0,γ ),2 + (ν − β˜)(hηβ0,2),β − 2α˜hv30,1 − 4α˜hη20 + χ02 = Ihη¨20, (35)
(ν + β˜)(hη30,β),β + 2α˜h(v20,1 − v10,2)− 4α˜hη30 + χ03 = Ihη¨30. (36)
3. Analysis of the constructed system
System (30), (31), (34)–(36) splits into two independent systems (30), (36) and (31), (34), (35) with respect to vα0,
α = 1, 2, η30 and v30, ηα0, α = 1, 2, correspondingly.
If h(x1, x2) > 0 on ω, in the static case the system (30), (31), (34)–(36) becomes elliptic and for existence and
uniqueness theorems of the Dirichlet problem general results (see e.g. [6,7,4] and the references therein) can be
applied.
Let us consider prismatic shells with a cusped edge ω0 ⊆ ∂ω, where the thickness 2h(x1, x2) vanishes:
ω0 := {(x1, x2) ∈ ∂ω : 2h(x1, x2) = 0}.
Evidently, ω0 is a closed set.
Dirichlet Problem. Find a solution wi0 ∈ C2(ω) ∩ C(ω), i = 1, 6
(w10, w20, w30, w40, w50, w60) := (v10, v20, v30, η10, η20, η30),
of the governing system (30), (31), (34)–(36) in ω, satisfying the BCs
wi0(x1, x2) = ϕi (x1, x2), (x1, x2) ∈ ∂ω, i = 1, 6,
where ϕi , i = 1, 6, are given continuous on ∂ω functions.
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Keldysh Problem. Find a bounded solution wi0 ∈ C2(ω)∩C(ω\ω0), i = 1, 6, of the governing system (30), (31),
(34)–(36) in ω, satisfying the BCs
wi0(x1, x2) = ϕi (x1, x2), (x1, x2) ∈ ∂ω\ω0, i = 1, 6,
where ϕi , i = 1, 6, are given continuous on (∂ω)\ω0 functions.
The following theorem is true [8] (compare with [9], where m1 = 0).
Theorem 2. If the coefficients aα , α = 1, 2, and c of the equation
xmα2 u,αα +aα(x1, x2)u,α +c(x1, x2)u = 0, c ≤ 0, mα = const ≥ 0, α = 1, 2,
are analytic in ω bounded by a sufficiently smooth arc (∂ω\ω0) lying in the half-plane x2 ≥ 0 and by a segment ω0 of
the x1-axis, then
(i) if either m2 < 1, or m2 ≥ 1, a2(x1, x2) < xm2−12 in I¯δ for some δ = const > 0, where
Iδ := {(x1, x2) ∈ ω : 0 < x2 < δ},
the Dirichlet problem is correct;
(ii) if m2 ≥ 1, a2(x1, x2) ≥ xm2−12 in Iδ and a1(x1, x2) = O(xm12 ), x2 → 0+ (O is the Landau symbol), the
Keldysh problem is correct.
Remark 3. If 1 < m2 < 2, a2(x, 0) ≤ 0, the Dirichlet problem is correct.
Remark 4. Using the method applied in [10] (see pages 58, 68–74), it is not difficult to verify that the theorem is also
true for Ho¨lder continuous c and aα , α = 1, 2, on ω, provided:
(i) limx2→0+ x
1−m2
2 a2(x1, x2) = a0 = const < 1 for (x1, 0) ∈ ω0 when 0 ≤ m2 < 1;
(ii) if a2(x01 , 0) = 0 for a fixed (x01 , 0) ∈ ω0 when 1 < m2 < 2, then there exists such a δ = const > 0 that
a2(x01 , x2) = a˜2(x01 , x2)x2 with bounded a˜2(x01 , x2) for 0 ≤ x2 < δ.
For the sake of transparency of revealing the peculiarities of well-posedness of non-classical, in general, BCs let
us consider the case
h = h(x2); η10 = η10(x2, t), η20 = η20(x2, t), v30 = v30(x2, t), (37)
x2 ∈ [0, L], L = const.
From (31) we have
(µ+ α˜)(hv30,2),2 − 2α˜(hη10),2 + X03 = ρhv¨30(x2, t). (38)
From (34) we get
(ν + β˜)(hη10,2),2 + 2α˜hv30,2 − 4α˜hη10 + χ01 = Ihη¨10. (39)
From (35) we obtain
(ν + β˜)(hη20,2),2 + ε(hη20,2),2 + (ν − β˜)(hη20,2),2 − 4α˜hη20 + χ02 = Ihη¨20,
whence,
(2ν + ε)(hη20,2),2 − 4α˜hη20 + χ02 = Ihη¨20. (40)
In the static case, determining hv30,2 from (39) and substituting into (38), we get
− (µ+ α˜)(ν + β˜)
2α˜
(hη10,2),22 + 2(µ+ α˜)(hη10),2
−2α˜(hη10),2 − µ+ α˜2α˜ χ
0
1,2 + X03 = 0,
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i.e.,
− (µ+ α˜)(ν + β˜)
2α˜
(hη10,2),22 + 2µ(hη10),2 − µ+ α˜2α˜ χ
0
1,2 + X03 = 0. (41)
From (41) after integration we find
(hη10,2),2 − 4α˜µ
(µ+ α˜)(ν + β˜)hη10
+ 1




(µ+ α˜)(ν + β˜)
 x2
x02
X03(τ )dτ + c1 = 0, c1 = const. (42)
Whence we derive
η10,22 + h,2h η10,2 −
4α˜µ
(µ+ α˜)(ν + β˜)η10
+ 1
ν + β˜ h
−1χ01 −
2α˜




X03(τ )dτ + c1h−1 = 0. (43)
From (40) we have
(2ν + ε)(hη20,2),2 − 4α˜hη20 + χ02 = 0. (44)
So, under assumptions (37) for η10, η20, v30, according to Remark 4, from (43) (i.e., (42)), (44) and (38) it follows
that if
h(x2) = h0xκ2 , x2 ∈ [0, L], h0, κ = const > 0, L = const, (45)
the Dirichlet type problem is well-posed when κ < 1, i.e.,
 L
0 h
−1(t)dt < +∞, the Keldysh type problem is well-
posed when κ ≥ 1, i.e.,  L0 h−1(t)dt = +∞.
Let now
h = h(x2), v10 = v10(x2, t), v20 = v20(x2, t), η30 = η30(x2, t), (46)
x2 ∈ [0, L], L = const.
For α = 1 from (30) we have
(µ+ α˜)(hv10,2),2 + 2α˜(hη30),2 + X01 = ρhv¨10. (47)
For α = 2 from (30) we have
(µ+ α˜)(hv20,2),2 + λ(hv20,2),2 + (µ− α˜)(hv20,2),2 + X02 = ρhv¨20,
i.e.,
(λ+ 2µ)(hv20,2),2 + X02 = ρhv¨20. (48)
From (36) we have
(ν + β˜)(hη30,2),2 − 2α˜hv10,2 − 4α˜hη30 + χ03 = Ihη¨30. (49)
In the static case from (49) we get




Substituting (50) into (47) for the static case, we obtain
(µ+ α˜)(ν + β˜)
2α˜
(hη30,2),22 − 2µ(hη30),2 + (µ+ α˜)2α˜ χ
0
3,2 + X01 = 0.
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Therefore, after integration we find
(hη30,2),2 − 4µα˜
(µ+ α˜)(ν + β˜)hη30
+ 1




(µ+ α˜)(ν + β˜)
 x2
x02
X01(τ )dτ + c2 = 0, x02 ∈ ]0, L[. (51)
So, in the case (46), according to Remark 4, from (47), (48), (51) we arrive at the same (see the previous case (37))
result for vα0, α = 1, 2, η30 in the sense of setting BCs.
Note, that cusped edge does not affect on setting initial conditions (ICs), and they remain classical, since on the
line t = 0 Eqs. (30), (31), (34)–(36) do not degenerate.
Let us consider a particular static case, when
vi0 ≡ 0, ηi0 ≢ 0, i = 1, 2, 3.
It means that points of the shell under consideration do not displace, while they possess microrotations. As it follows
from (30), (31), such a state is realizable only if
X0α = −2α ∈3αβhη30,β , α = 1, 2,
X03 = 2α(hη10),2 −(hη20),1 ,
(i.e., applied surface forces and volume forces should be chosen appropriately). In this case, from (34), (35), (36) it
follows that the governing equations have the following form
(ν + β)hη10,β,β +εhηγ 0,γ ,1 +(ν − β)hηβ0,1,β −4αhη10 + χ01 = 0, (52)
(ν + β)hη20,β,β +εhηγ 0,γ ,2 +(ν − β)hηβ0,2,β −4αhη20 + χ02 = 0, (53)
(ν + β)hη30,β,β −4αhη30 + χ03 = 0. (54)
If the thickness 2h has the form (45) and ω is adjacent to the x1-axis, then the cusped edge ω0 is a segment of the
x1-axis, where Eq. (54) has the order degeneration and Theorem 2 can be applied. Namely, according to Remark 4 for
κ < 1 the Dirichlet and for κ ≥ 1 the Keldysh problems are well-posed.
If at the boundary couple stress vector should be prescribed, then at the cusped edge, by virtue of (28), (29), it leads
to the weighted (with the weight h) Neuman type BC with respect to the microrotations.
For investigation of the system (52), (53) the approach developed in [11,12] can be used. The results concerning
peculiarities of setting BCs will be similar to the results for Eq. (54).
4. Conclusion
1. Investigation of BVPs (static problems) and IBVPs (dynamical problems) for micropolar elastic cusped (tapered)
prismatic shells leads to study of BVPs and IBVPs for the corresponding elliptic and hyperbolic PDEs and systems of
PDEs with the order degeneration on a part corresponding to the cusped edge. Therefore, problems under consideration
are non-classical, in general.
2. If at boundary displacements and microrotations should be prescribed, then in certain cases the cusped edge
should be freed from BCs at all.
3. If at boundary the traction and couple stress vector should be prescribed, then at the cusped edge it leads
to the weighted Neuman problems with respect to the displacements and microrotations. The displacements and
microrotations are unbounded, in general, in a neighbourhood of the cusped edge.
4. The peculiarities of setting BCs at cusped edges for the displacements and microrotations are exactly the same.
5. Presence of cusped edges does not affect on setting ICs; ICs remain classical.
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